A particular case of Caccetta-Häggkvist conjecture, says that a digraph of order n with minimum out-degree at least 1 3 n contains a directed cycle of length at most 3.
Introduction and definitions
The definitions which follow are those of [1] .
We consider digraphs without loops and without parallel arcs. We denote by a(D) the number of the arcs of D (size of D). Two arcs (x, y) and x ′ , y ′ are independent if the pairs {x, y} and {x ′ , y ′ } are disjoint.
We say that a vertex y is an out-neighbor of a vertex x (in-neighbour of x) if (x, y) (resp. In a strong digraph D, for vertices x and y of D, the distance d(x, y) from x to y is the length of a shortest path from x to y. The diameter diam(D) is the maximum of the distances d(x, y). The eccentricity ecc(x) of a vertex x is the maximum of the distances
An oriented graph, is a digraph D such that for any two distinct vertices x and y of D, at most one of the ordered pairs (x, y) and (y, x) is an arc of D. The author proved in [9] that the strong connectivity k of an oriented graph D of order n, satisfy
, and this shows that an oriented graph of order n and of minimum semi-degree at least n 4
, is strongly connected.
Caccetta and Häggkvist (see [3] ) conjectured in 1978 that the girth of any digraph of order n and of minimum out-degree at least d is at most ⌈n/d⌉.
The conjecture is still open when d ≥ n/3, in other words it is not known if any digraph of order n and minimum out-degree at least n/3 contains a cycle of length at most 3.
In fact it is also unknown if any digraph of order n with both minimum out-degree and minimum in-degree at least n/3 contains a cycle of length at most 3 and then a special case of the Caccetta-Häggkvist conjecture is :
Conjecture 1.1 Every digraph of order n and of minimum semi-degree at least
, contains a cycle of length at most 3.
Two questions were naturally raised :
Question Q 1 What is the minimum constant c such that any digraph of order n with minimum out-degree at least cn contains a cycle of length at most 3.
Question Q 2 What is the minimum constant c ′ such that any digraph of order n with both minimum out-degree and minimum in-degree at least c ′ n contains a cycle of length at most 3.
It is known that c ≥ c ′ ≥ 1/3 and the conjecture is that c = c ′ = 1/3. In a very recent paper (See [7] ), Hladký, Král' and Norine proved that c ≤ 0.3465, which currently is the best result.
By using this result, the author proved in [8] that c ′ ≤ 0.343545, which currently is the best result. In other terms, this means : . If
then D contains at least a triangle.
Since c ≤ 0.3465, an easy consequence will be :
Broersma and Li proved in [2] that in a triangle-free oriented graph of order n and of minimum semi-degree at least
, every vertex is in more than 1 + n 15
(11 − 4 √ 6) 4-cycles. We improve this result by proving :
cycles such that two of these cycles have only the vertex x in common.
If we allow distinct 4-cycles with others vertices than x in common, we give an even more spectacular improvement, by proving :
Let D be a triangle-free oriented graph of minimum semi-degree d, of order n = md with m ≤ 3.
Then every vertex x of D is contained in more than
Kelly, Kühn and Osthus proved in [10] that if D is an oriented graph of order n and of minimum semi-degree greater than n 5
, then either the diameter of D is at most 50 or D contains a triangle. We will considerably improve this result by proving :
If D is a triangle-free oriented graph of minimum semi-degree d and of order n = md with m ≤ 5, then the diameter of D is at most 9.
A result of Chudnovsky, Seymour and Sullivan (see [5] ) asserts that one can delete k edges from a triangle-free digraph D with at most k non-edges to make it acyclic. Hamburger,
Haxell, and Kostochka used this to prove in [6] that in a triangle-free digraph D with at
Chen, Karson, and Shen improved in [4] the initial result of [5] by asserting that one can delete 0.8616k edges from a triangle-free digraph D with at most k non-edges to make it acyclic.
From this result, by using the reasoning of Hamburger, Haxell and Kostochka in [6] , it is easy to prove that in a triangle-free digraph D with at most k non-edges, δ
As the maximum size of an oriented graph of order n is
, an immediate consequence is : 
First we claim that :
Lemma 2.1 If D is triangle-free, then for every arc (y, x) of D with y ∈ A and x ∈ B, it holds d
Proof. Since x has no out-neighbors in A, x has d
disjoint (for otherwise, we would have a triangle), we have d (for otherwise, we would have a triangle). We get then d ≤ c ≤ 0.3465, it holds c c 2 − 3c + 1 > 1. We get then m > 4, and it is easy to verify that this is contradictory with m < 5 − 4c + c 2 . Consequently, we have
A (x) = ∅ (in fact, by the above reasoning, this is true for every vertex of B). More precisely, we have
There exists a vertex y of N − A (x) with fewer than cd
From (1) and (2), we deduce sd
Since all the out-neighbors of x are in B ∪ K,
, which is contradictory with the hypothesis on k. Consequently D contains at least a triangle, and so, the result is proved.
We claim also : 
Since s < bc (for otherwise we would have a triangle), we
, which is contradictory with the hypothesis on k = k ′ d. So, the result is proved.
It is easy to prove that 5 − 4c + c 2 < 2 c
. By using these two lemmas, we get Theorem 1.3.
It is easy to see that we have It is easy to see that for 2.91082 < m ≤ 3, we have m < 3 − 2c + c ).
We have k > 0 (for otherwise, by Theorem 1.3 we would have triangles). Clearly, we have z 1 ) , . . . , (y k , z k ) with
We have Clearly the eccentricity ecc(x) of x is at least 3 (for otherwise,we would have a triangle).
The author proved in [9] that the diameter of an oriented graph of order n and of minimum semi-degree at least We claim that r 
On the other hand by Theorem 1.7, we have
, f being the function defined by f (t) = 3.7232t 2 − 4dt + 3.7232d 2 .
By a classical result on the functions of second degree, we have f (r 3 ) ≥ f 
